Ulrich Kulisch                                                                                                       July, 15, 2016
High Speed Guaranteed Solution of Systems of Linear Equations 
Computing the ‘solution’ of a system of linear equations in conventional floating-point arithmetic may fail to produce the correct answer. So a frequent test for reliability consists in computing the solution twice, first in single and then in double precision arithmetic and to compare the two solutions. This needs much computing time and it does not necessarily deliver a reliable answer.
Here we sketch a different method which needs less computing time and delivers a reliable, highly accurate, guaranteed answer. The method assumes an additional fifth floating-pint operation, the exact dot product (EDP) of two floating-point vectors. It consists of the following two steps:    
I.  The first step computes an approximate solution via some kind of Gaussian elimination just                           using the four elementary floating-point operations. We denote the time needed for the         execution of this step by T.
II. Then in the second step (the verification step) a highly accurate enclosure of the solution is        computed. 
An early estimate of Siegfried Rump (1980) states that in floating-point arithmetic the verification step II can be done with less than 6 times the costs of computing an approximation. This estimate is independent of the number of equations and the condition number of the system.

Now the EDP comes into the game. A hardware implementation of the EDP at Karlsruhe in 1993 computed it in 1/4th of the time the Intel processor needed for computing a possibly wrong result in conventional floating-point arithmetic. A more recent implementation at Berkeley in 2013 even could reduce the computing time to 1/6th. 

The verification step II more or less consists of dot products. So with the EDP the computing time needed for the verification step II can be reduced to the one needed for computing an approximation in step I. The EDP reduces the time for computing a verified enclosure of the solution to about twice the time needed for computing an approximation in conventional floating-point arithmetic.
We mention additionally that the EDP also can be applied in step I. It would decrease the computing time T needed for step I and additionally increase the accuracy of the approximate solution which might further lead to a reduction of the over all computing time.  
