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1 Rationale

Arithmeti
 operators are introdu
ed in motion 5, elementary fun
tions in motion

10. Both motions follow the usual de�nition as power set operation and 
ompute

en
losures.

There are, however, situations where we look for en
losures of possible vari-

ables that ful�ll a spe
i�
 
onstraint. For these appli
ations the reverse, relational

or ba
kward mode of the operations is helpful.

The Vienna proposal [2℄,therefore in table 3.8 and 3.9, spe
i�es whether a

reverse mode is ne
essary. In this motion we 
on
entrate on the de�nition and

des
ription of reverse mode versions for the basi
 operators. It turns out, and

has been dis
ussed in the mailing list several times, that for the extended Inter-

val Newton Method reverse multipli
ation is the proper 
hoi
e when dividing by

the derivative. In our de�nitions we follow the Vienna proposal, show that re-

verse addtion or subtra
tion is not ne
essary, and give detailed tables for reverse

multipli
ation and division.

2 De�nitions

Con
erning the binary arithmeti
 operation

C = A ◦ B (1)

we de�ne:

De�nition 1 (Ternary reverse operations) For a (partial) binary arithmeti


operation ◦ there should be two ternary reverse interval operations ◦−
1
and ◦−

2
de-

�ned by

◦−
1
(B,C,X) := hull({x ∈ X | ∃b ∈ B, x ◦ b ∈ C}) (2)

◦−
2
(A,C,X) := hull({x ∈ X | ∃a ∈ A, a ◦ x ∈ C}) (3)

with A,B,C,X ∈ IR
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De�nition 2 (Binary reverse operations) For a (partial) binary arithmeti


operation ◦ there should be two binary reverse interval operations ◦−
1

and ◦−
2

de�ned by

◦−
1
(B,C) := ◦−

1
(B,C, R) = hull({x ∈ R | ∃b ∈ B, x ◦ b ∈ C}) (4)

◦−
2
(A,C) := ◦−

2
(A,C, R) = hull({x ∈ R | ∃a ∈ A, a ◦ x ∈ C}) (5)

with A,B,C ∈ IR

Corollary 1 For every A,B,C,X ∈ IR the following equations hold

◦−
1
(B,C,X) = ◦−

1
(B,C) ∩ X (6)

◦−
2
(A,C,X) = ◦−

2
(A,C) ∩ X (7)

Corollary 2 If ◦ is 
ommutativ then ◦−
1

and ◦−
2

are identi
al and we 
all both

◦−.

3 Reverse addition

+−(A,C) := hull({x ∈ R | ∃a ∈ A, a + x ∈ C})

= hull({x ∈ R | ∃a ∈ A, ∃c ∈ C, a + x = c})

= hull({x ∈ R | ∃a ∈ A, ∃c ∈ C, x = c − a})

= C − A

4 Reverse subtra
tion

−−

1
(B,C) := hull({x ∈ R | ∃b ∈ B, x − b ∈ C})

= hull({x ∈ R | ∃b ∈ B, ∃c ∈ C, x − b = c})

= hull({x ∈ R | ∃b ∈ B, ∃c ∈ C, x = c + b})

= C + B

−−

2
(A,C) := hull({x ∈ R | ∃a ∈ A, a − x ∈ C})

= hull({x ∈ R | ∃a ∈ A, ∃c ∈ C, a − x = c})

= hull({x ∈ R | ∃a ∈ A, ∃c ∈ C, −x = c − a})

= hull({x ∈ R | ∃a ∈ A, ∃c ∈ C, x = a − c})

= A − C
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5 Reverse multipli
ation

·−(A,C) := hull({x ∈ R | ∃a ∈ A, a · x ∈ C})

= hull({x ∈ R | ∃a ∈ A, ∃c ∈ C, a · x = c})

6 Reverse division

/−
1
(B,C) := hull({x ∈ R | ∃b ∈ B, x/b ∈ C})

= hull({x ∈ R | ∃b ∈ B, ∃c ∈ C, x/b = c})

/−
2
(A,C) := hull({x ∈ R | ∃a ∈ A, a/x ∈ C})

= hull({x ∈ R | ∃a ∈ A, ∃c ∈ C, a/x = c})

A Tables

In the following tables we are spe
i�ng the reverse multipli
ation and the reverse

division. The result is always the interval hull of a subset of R. In the tables we

display these subsets, be
ause we don't want to loose information. This informa-

tion 
an be added as a de
oration 1 to the bare interval that is re
eived by the

hull operation.

1see motion 8.
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·− [c1, c2] [c1, 0] [c1, c2] [0, c2] [c1, c2] [0, 0]
c2 < 0 c1 < 0 < c2 c1 > 0

[a1, a2], a2 < 0 [c2
÷▽a1, c1

÷△a2] [0, c1
÷△a2] [c2

÷▽a2, c1
÷△a2] [c2

÷▽a2, 0] [c2
÷▽a2, c1

÷△a1] [0, 0]

[a1, 0] [c2
÷▽a1, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, c1

÷△a1] (−∞, +∞)

[a1, a2], a1 < 0 < a2 (−∞, c2
÷△a2] (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, c1

÷△a1] (−∞, +∞)

∪[c2
÷▽a1, +∞) ∪[c1

÷▽a2, +∞)

[0, a2] (−∞, c2
÷△a2] (−∞, +∞) (−∞, +∞) (−∞, +∞) [c1

÷▽a2, +∞) (−∞, +∞)

[a1, a2], a1 > 0 [c1
÷▽a1, c2

÷△a2] [c1
÷▽a1, 0] [c1

÷▽a1, c2
÷△a1] [0, c2

÷△a1] [c1
÷▽a2, c2

÷△a1] [0, 0]
[0, 0] ∅ (−∞, +∞) (−∞, +∞) (−∞, +∞) ∅ (−∞, +∞)

(−∞, a2], a2 < 0 (0, c1
÷△a2] [0, c1

÷△a2] [c2
÷▽a2, c1

÷△a2] [c2
÷▽a2, 0] [c2

÷▽a2, 0) [0, 0]
(−∞, 0] (0, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

(−∞, a2], a2 > 0 (−∞, c2
÷△a2] (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

∪(0, +∞) ∪[c1
÷▽a2, +∞)

[a1, +∞), a1 < 0 (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, c1
÷△a1] (−∞, +∞)

∪[c2
÷▽a1, +∞) ∪(0, +∞)

[0, +∞) (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (0, +∞) (−∞, +∞)

[a1, +∞), a1 > 0 [c1
÷▽a1, 0) [c1

÷▽a1, 0] [c1
÷▽a1, c2

÷△a1] [0, c2
÷▽a1] (0, c2

÷▽a1] [0, 0]
(−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞)

Table 1: Reverse multipli
ation ·− with �nite interval C
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·− (−∞, c2] (−∞, 0] (−∞, c2] [c1, +∞) [0, +∞) [c1, +∞) (−∞, +∞)
c2 < 0 c2 > 0 c1 < 0 c1 > 0

[a1, a2], a2 < 0 [c2
÷▽a1, +∞) [0, +∞) [c2

÷▽a2, +∞) (−∞, c1
÷△a2] (−∞, 0] (−∞, c1

÷△a1] (−∞, +∞)

[a1, 0] [c2
÷▽a1, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, c1

÷△a1] (−∞, +∞)

[a1, a2], a1 < 0 < a2 (−∞, c2
÷△a2] (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, c1

÷△a1] (−∞, +∞)

∪[c2
÷▽a1, +∞) ∪[c1

÷▽a2, +∞)

[0, a2] (−∞, c2
÷△a2] (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) [c1

÷▽a2, +∞) (−∞, +∞)

[a1, a2], a1 > 0 (−∞, c2
÷△a2] (−∞, 0] (−∞, c2

÷△a1] [c1
÷▽a1, +∞) [0, +∞) [c1

÷▽a2, +∞) (−∞, +∞)
[0, 0] ∅ (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) ∅ (−∞, +∞)

(−∞, a2], a2 < 0 (0, +∞) [0, +∞) [c2
÷▽a2, +∞) (−∞, c1

÷△a2] (−∞, 0] (−∞, 0) (−∞, +∞)
(−∞, 0] (0, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

(−∞, a2], a2 > 0 (−∞, c2
÷△a2] (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

∪(0, +∞) ∪[c1
÷▽a2, +∞)

[a1, +∞), a1 < 0 (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, c1
÷△a1] (−∞, +∞)

∪[c2
÷▽a1, +∞) ∪(0, +∞)

[0, +∞) (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (0, +∞) (−∞, +∞)

[a1, +∞), a1 > 0 (−∞, 0) (−∞, 0] (−∞, c2
÷△a1] [c1

÷▽a1, +∞) [0, +∞) (0, +∞) (−∞, +∞)
(−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞)

Table 2: Reverse multipli
ation ·− with in�nite interval C
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/−
1

[c1, c2] [c1, 0] [c1, c2] [0, c2] [c1, c2] [0, 0]
c2 < 0 c1 < 0 < c2 c1 > 0

[b1, b2], b2 < 0 [c2
·▽b2, c1

·△b1] [0, c1
·△b1] [c2

·▽b1, c1
·△b1] [c2

·▽b1, 0] [c2
·▽b1, c1

·△b2] [0, 0]

[b1, 0] (0, c1
·△b1] [0, c1

·△b1] [c2
·▽b1, c1

·△b1] [c2
·▽b1, 0] [c2

·▽b1, 0) [0, 0]

[b1, b2], b1 < 0 < b2 [c1
·▽b2, 0) [c1

·▽b2, c1
·△b1] [min(c1

·▽b2, c2
·▽b1), [c2

·▽b1, c2
·△b2] [c2

·▽b1, 0) [0, 0]

∪(0, c1
·△b1] max(c1

·△b1, c2
·△b2)] ∪(0, c2

·△b2]

[0, b2] [c1
·▽b2, 0) [c1

·▽b2, 0] [c1
·▽b2, c2

·△b2] [0, c2
·△b2] (0, c2

·△b2] [0, 0]

[b1, b2], b1 > 0 [c1
·▽b2, c2

·△b1] [c1
·▽b2, 0] [c1

·▽b2, c2
·△b2] [0, c2

·△b2] [c1
·▽b1, c2

·△b2] [0, 0]
[0, 0] ∅ ∅ ∅ ∅ ∅ ∅

(−∞, b2], b2 < 0 [c2
·▽b2, +∞) [0, +∞) (−∞, +∞) (−∞, 0] (−∞, c1

·△b2] [0, 0]
(−∞, 0] (0, +∞) [0, +∞) (−∞, +∞) (−∞, 0] (−∞, 0) [0, 0]

(−∞, b2], b2 > 0 [c1
·▽b2, 0) [c1

·▽b2, +∞) (−∞, +∞) (−∞, c2
·△b2] (−∞, 0) [0, 0]

∪(0, +∞) ∪(0, c2
·△b2]

[b1, +∞), b1 < 0 (−∞, 0) (−∞, c1
·△b1] (−∞, +∞) [c2

·▽b1, +∞) [c2
·▽b1, 0) [0, 0]

∪(0, c1
·△b1] ∪(0, +∞)

[0, +∞) (−∞, 0) (−∞, 0] (−∞, +∞) [0, +∞) (0, +∞) [0, 0]

[b1, +∞), b1 > 0 (−∞, c2
·△b1] (−∞, 0] (−∞, +∞) [0, +∞) [c1

·▽b1, +∞) [0, 0]
(−∞, +∞) (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) [0, 0]

∪(0, +∞) ∪(0, +∞)

Table 3: Reverse division /−
1

with �nite interval C
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/−
1

(−∞, c2] (−∞, 0] (−∞, c2] [c1, +∞) [0, +∞) [c1, +∞) (−∞, +∞)
c2 < 0 c2 > 0 c1 < 0 c1 > 0

[b1, b2], b2 < 0 [c2
·▽b2, +∞) [0, +∞) [c2

·▽b1, +∞) (−∞, c1
·△b1] (−∞, 0] (−∞, c1

·△b2] (−∞, +∞)

[b1, 0] (0, +∞) [0, +∞) [c2
·▽b1, +∞) (−∞, c1

·△b1] (−∞, 0] (−∞, 0) (−∞, +∞)
[b1, b2], b1 < 0 < b2 (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

∪(0, +∞) ∪(0, +∞)

[0, b2] (−∞, 0) (−∞, 0] (−∞, c2
·△b2] [c1

·▽b2, +∞) [0, +∞) (0, +∞) (−∞, +∞)

[b1, b2], b1 > 0 (−∞, c2
·△b1] (−∞, 0] (−∞, c2

·△b2] [c1
·▽b2, +∞) [0, +∞) [c1

·▽b1, +∞) (−∞, +∞)
[0, 0] ∅ ∅ ∅ ∅ ∅ ∅ ∅

(−∞, b2], b2 < 0 [c2
·▽b2, +∞) [0, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0] (−∞, c1

·△b2] (−∞, +∞)
(−∞, 0] (0, +∞) [0, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0] (−∞, 0) (−∞, +∞)
(−∞, b2], b2 > 0 (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

∪(0, +∞) ∪(0, +∞)
[b1, +∞), b1 < 0 (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

∪(0, +∞) ∪(0, +∞)
[0, +∞) (−∞, 0) (−∞, 0] (−∞, +∞) (−∞, +∞) [0, +∞) (0, +∞) (−∞, +∞)

[b1, +∞), b1 > 0 (−∞, c2
·△b1] (−∞, 0] (−∞, +∞) (−∞, +∞) [0, +∞) [c1

·▽b1, +∞) (−∞, +∞)
(−∞, +∞) (−∞, 0) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, +∞) (−∞, 0) (−∞, +∞)

∪(0, +∞) ∪(0, +∞)

Table 4: Reverse division /−
1

with in�nite interval C
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/−
2

[c1, c2] [c1, 0] [c1, c2] [0, c2] [c1, c2] [0, 0]
c2 < 0 c1 < 0 < c2 c1 > 0

[a1, a2], a2 < 0 [a2
÷▽c1, a1

÷△c2] [a2
÷▽c1, +∞) (−∞, 0) (−∞, a2

÷△c2] [a1
÷▽c1, a2

÷△c2] ∅
∪(0, +∞)

[a1, 0] (0, a1
÷△c2] (−∞, 0) (−∞, 0) (−∞, 0) [a1

÷▽c1, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[a1, a2], a1 < 0 < a2 [a2
÷▽c2, 0) (−∞, 0) (−∞, 0) (−∞, 0) [a1

÷▽c1, 0) (−∞, 0)

∪(0, a1
÷△c2] ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, a2

÷△c1] ∪(0, +∞)

[0, a2] [a2
÷▽c2, 0) (−∞, 0) (−∞, 0) (−∞, 0) (0, a2

÷△c1] (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[a1, a2], a1 > 0 [a2
÷▽c2, a1

÷△c1] (−∞, a1
÷△c1] (−∞, 0) [a1

÷▽c2, +∞) [a1
÷▽c2, a2

÷△c1] ∅
∪(0, +∞)

[0, 0] ∅ (−∞, 0) (−∞, 0) (−∞, 0) ∅ (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

(−∞, a2], a2 < 0 [a2
÷▽c1, +∞) [a2

÷▽c1, +∞) (−∞, 0) (−∞, a2
÷△c2] (−∞, a2

÷△c2] ∅
∪(0, +∞)

(−∞, 0] (0, +∞) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

(−∞, a2], a2 > 0 [a2
÷▽c2, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0)

∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, a2
÷△c1] ∪(0, +∞)

[a1, +∞), a1 < 0 (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) [a1
÷▽c1, 0) (−∞, 0)

∪(0, a1
÷△c2] ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[0, +∞) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (0, +∞) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[a1, +∞), a1 > 0 (−∞, a1
÷△c1] (−∞, a1

÷△c1] (−∞, 0) [a1
÷▽c2, +∞) [a1

÷▽c2, +∞) ∅
∪(0, +∞)

(−∞, +∞) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

Table 5: Reverse division /−
2

with �nite interval C
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/−
2

(−∞, c2] (−∞, 0] (−∞, c2] [c1, +∞) [0, +∞) [c1, +∞) (−∞, +∞)
c2 < 0 c2 > 0 c1 < 0 c1 > 0

[a1, a2], a2 < 0 (0, a1
÷△c2] (0, +∞) (−∞, 0) (−∞, 0) (−∞, 0) [a1

÷▽c1, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[a1, 0] (0, a1
÷△c2] (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) [a1

÷▽c1, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[a1, a2], a1 < 0 < a2 [a2
÷▽c2, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) [a1

÷▽c1, 0) (−∞, 0)

∪(0, a1
÷△c2] ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, a2

÷△c1] ∪(0, +∞)

[0, a2] [a2
÷▽c2, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (0, a2

÷△c1] (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[a1, a2], a1 > 0 [a2
÷▽c2, 0) (−∞, 0) (−∞, 0) (−∞, 0) (0, +∞) (0, a2

÷△c1] (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[0, 0] ∅ (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) ∅ (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

(−∞, a2], a2 < 0 (0, +∞) (0, +∞) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

(−∞, 0] (0, +∞) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

(−∞, a2], a2 > 0 [a2
÷▽c2, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0)

∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, a2
÷△c1] ∪(0, +∞)

[a1, +∞), a1 < 0 (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) [a1
÷▽c1, 0) (−∞, 0)

∪(0, a1
÷△c2] ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[0, +∞) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (0, +∞) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

[a1, +∞), a1 > 0 (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (0, +∞) (0, +∞) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

(−∞, +∞) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0) (−∞, 0)
∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞) ∪(0, +∞)

Table 6: Reverse division /−
2

with in�nite interval C
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