Reverse Interval Operations

M. Nehmeier
University of Wiirzburg

January 14, 2010

1 Rationale

Arithmetic operators are introduced in motion 5, elementary functions in motion
10. Both motions follow the usual definition as power set operation and compute
enclosures.

There are, however, situations where we look for enclosures of possible vari-
ables that fulfill a specific constraint. For these applications the reverse, relational
or backward mode of the operations is helpful.

The Vienna proposal |2|,therefore in table 3.8 and 3.9, specifies whether a
reverse mode is necessary. In this motion we concentrate on the definition and
description of reverse mode versions for the basic operators. It turns out, and
has been discussed in the mailing list several times, that for the extended Inter-
val Newton Method reverse multiplication is the proper choice when dividing by
the derivative. In our definitions we follow the Vienna proposal, show that re-
verse addtion or subtraction is not necessary, and give detailed tables for reverse
multiplication and division.

2 Definitions

Concerning the binary arithmetic operation
C=AoB (1)
we define:

Definition 1 (Ternary reverse operations) For a (partial) binary arithmetic
operation o there should be two ternary reverse interval operations o] and oy de-

fined by

o] (B,C,X):=hull{r € X |3be B, zobe C}) (2)
0y (A, C,X) :=hull{r € X |Ja€ A, aox € C}) (3)

with A, B,C, X € TR



Definition 2 (Binary reverse operations) For a (partial) binary arithmetic
operation o there should be two binary reverse interval operations oy and oy
defined by

“(B,C,R) = hull({z €R | I € B, zobe C}) (4)
0, (A,C) =0y (A, C,R)=hull{r€eR|Ja€ A, aox € C}) (5)

with A, B,C € IR

Corollary 1 For every A, B,C, X € IR the following equations hold
o (B,C,X) =0 (B,C)NX (6)
0y (A,C,X) =0y (A,C)NX (7)

Corollary 2 If o is commutativ then o] and oy are identical and we call both

o .

3 Reverse addition

+ (A, C):=hull{r eR|Ja € A, a+z € C})
=hull{reR|Jac A, FceC,a+z=c})
=hull{r €eR|Ja€ A, Fce C,z=c—a})
=C-A

4 Reverse subtraction

—1(B,C):=hull{reR|IBbeB,x—beC})
=hull{zeR|FbeB,JceC,z—-b=c})
=hull{z €eR|3Ibe B,JceC, x =c+b})
=C+B

— (A, C):=hull{reR|Jac A, a—z e (C})
=hull{reR|Jac A, JceC,a—x=c})
=hull{reR|Jac A JceC, —x =c—a})
=hull{r €eR|Ja€ A, FJceC,z=0a—c})
=A-C



5 Reverse multiplication

(A, C):=hull{z €R|Jac€ A a-xz€C})
=hull{r eR|Jda€ A, FJceC,a-x=c})

6 Reverse division

/1(B,C) :=hull{zr e R|3be B, z/be C})
=hull{x e R|3be B, Ice€ C, x/b=c})

/3 (A, C):=hull{r € R|3a € A, a/z € C})
=hull{zreR|Ja€c A, Fce C, a/r =c})

A Tables

In the following tables we are specifing the reverse multiplication and the reverse
division. The result is always the interval hull of a subset of R. In the tables we
display these subsets, because we don’t want to loose information. This informa-
tion can be added as a decoration ! to the bare interval that is received by the
hull operation.

lsee motion 8.



- [c1, 2] [c1,0] [c1, 2] [0, 2] [c1, c2] [0,0]
ca <0 1 <0<ec c1 >0

[a1,as], az <0 [ca oA as] | 10, /A ag] | [ca\ag, /A ag) | [ca\Fag, 0] | [e2 Va2, A\ ai] | [0, 0]

[ai, 0] [c2 /a1, +00) (—00,4+00) | (—o0, +00) (=00, +00) | (=00, c1 A\ ay] (—00, +00)

[a1,as], a1 < 0 < ay || (—o0, 2/ as) (—00,400) | (—o0, +00) (=00, +00) | (=00, c1 A\ ay] (—00, +00)
Ule, a1, +00) Ule; \az, +00)

[0, as) (—00, 2\ ay)] (—00,4+00) | (—o0, +00) (—00,400) | [c1 Fag, +00) (—00, +00)

[ai, as], a; >0 [c1 a, CQA ag) | [c1\/a1,0] | [e1 Faa, CQA ai] | [0, o/ a] | [e1\Vag, cofAaq] | [0, 0]

0, 0] 0 (—00, +00) | (—00, +00) (—00,+00) | 0 (—00, +00)

(—o0,as), az <0 (0, 12\ as] 0,1\ a5] | [ca /a2, c1Aas) | e \7a2,0] | [c2\Tas,0) 0, 0]

(=00, 0] (0, +00) (—o0,400) | (—o0, +00) (—o0,+00) | (—00,0) (—00, +00)

(—OO,CLQ], az >0 (_OO’CQAQQ] (—OO,+OO) ( o0 +OO) (_OO7+OO) ( ) (—OO,+OO)
U(0, +00) Ul Vag +00)

[ai,+00), a1 <0 (—00,0) (—00,400) | (—o0, +00) (=00, +00) | (=00, c1 A\ ay] (—00, +00)
U[e, a1, +00) U(0, 400)

0, +00) (—00,0) (—00, +00) | (—o0, +00) (—00, +00) | (0,+00) (—00, +00)

[a1, +00), a3 >0 [c1 {/a1,0) [c1\/a1,0] | [e1 ay, CQA a1] | [0,c2\7a1] | (0, ¢ /a1 [0,0]

(—00, +00) (—00, +00) (—00,400) | (—o0, +00) (—00,+00) | (—o0, +00) (—00, +00)

Table 1: Reverse multiplication -~

with finite interval C




- (—00, co (—00, 0] (—o0, co [c1, +00) [0, +00) [c1, +00) (—00, +00)
ca <0 co >0 c1 <0 c1 >0

[ai, as], as < 0 [ca /a1, +00) | [0,+00) [ca X/ ag, +00) (—o0, 1A\ ay] | (—o0, 0] (—o0, 1 Aa1] | (—o0,+0)

[ai, 0] [ca /a1, +00) | (=00, +00) | (=00, +00) (—00, +00) (—o00,400) | (=00, ;A\ ay] | (—o0, +00)

[a1,a2), a1 <0 < ay || (—00,cs A\ ag] | (—o0,+00) | (—00, +00) (—00, +00) (—o00,4+00) | (=00, e1\ay] | (—o0, +00)
Ule, a1, +00) Ule; \Zaz, +00)

[0, ay) (—00, 2\ ag] | (—00,400) | (=00, +00) (—00, +00) (=00, +00) | [c1 {/az, +00) | (=00, +00)

[a, az], a1 > 0 (00,2 a] | (00,0 [ (~0,0Aa] | [61Fa, +00) [ [0,4+00) | [e1 Faz, +00) | (—o0, +00)

0, 0] 0 (—00, +00) | (—00, +00) (—00, +00) (—00,+00) | 0 (—00, +00)

(—00,as], az <0 (0, +00) [0, +00) [ca \Fag, +00) (—o00, 1A\ ay] | (—00, 0] (—00,0) (—00, +00)

(=00, 0] (0, +00) (—o0,4+00) | (—o0, +00) (—00, +00) (—o0,+00) | (—00,0) (—00, +00)

(—00,as), ag >0 (—00, A\ ay] | (—00,+00) | (—o0, +00) (—00, +00) (—00,4+00) | (—00,0) (—00, +00)
U(0, +00) Ule1 a2, +00)

[ai,+00), a1 <0 (—00,0) (—00,400) | (—o0,+00) (—00, +00) (—o00,4+00) | (=00, 1 \ay] | (—o0, +00)
Ule, a1, +00) U(0, 400)

[0, +00) (—00,0) (—00,400) | (—o0,+00) (—00, +00) (—00,400) | (0,400) (—00, +00)

[a1,+oo), a >0 <_0070> (_0070] (_00702Aa1] [Cl Wah_'—m) [07 +OO) (07+OO> (_OO7+OO)

(—00, +00) (—00, +00) (—o0,400) | (—o0, +00) (—00, +00) (—00,4+00) | (—o0,+00) (—00, +00)

Table 2: Reverse multiplication -~

with infinite interval C




/1 [c1, ¢2] [c1, 0] [c1, 2] [0, 2] [c1, ¢2] [0, 0]
cy <0 1 <0<cy cp >0

[by, bo, by < O [e2 /b2, 1N b] | [0, 1\ by] [02 bi, 1A\ by [e2 /b1, 0] [e2 /b1, 1\ bs] | [0, 0]

[by, 0] (0, ¢1/N\ by] [o,clAbl]A [e2 /b1, c1/\ by (2 Vbl,O]A [e2 /b1, 0) [0, 0]

[b1,b2], b1 <0 < by || [e1 /b2, 0) [c1 /b2, 1\ by | [min(cr \/ba, c2\/b1), | [ca /b1, cal\bo] | [c2 /b1, 0) [0, 0]
U(UZAM v mazx( 61X61 C2Xb2)] v U((];VC2A bo]

[0, bs] [e1 /b2, 0) [e1 \/bs, 0] [e1 /b2, c2/\ b [0, c2/\ by)] (0, c2/\ by)] [0, 0]

[by, bo], by > 0 [e1 /b2, 2\ bi] | [e1 N/, 0] [e1 /b2, 2\ by [0, co/\ by] [e1 /b1, 2\ bs] | [0, 0]

[0, 0] 0 ] ] ] ] 0

(—00,bo), ba <0 | [e2 v@ +00) | [0, 4+00) (—00, +00) (—00, 0] (—o0,e:/\by] | ]0,0

(=00,0] ( 00) [0, +00) (=00, +00) (=00, 0] (=00,0) [0,0]

(—00,bo], by >0 | [e1 ng [e1 /b2, +00) | (—00,+00) (—00,2/\bs] | (—00,0) [0,0]
U(0, 4+00) U(0, c2/\ by]

(b1, +00), by <0 (—00,0) 00, c1/\ b1 (—00, +00) [c2 /b1, +00) [c2\/b1,0) [0, 0]
U(0, 1\ by] U(0, +00)

[0, +00) (—00,0) (—00,0] —00, +00) 0, +00) (0, +00) [0, 0]

[br,+00), by >0 || (=00,c/\by] | (=00,0] (—00, +00) [0, +00) [e1 /b, +00) | [0,0]

(—00, +00) (—00,0) (—00, +00) (—00, +00) —00, +00) (—00,0 [0,0]
U(0, 4+00) U(0, 400)

Table 3: Reverse division /; with finite interval C




/1 (—00, 3] (—00,0] (—00, 3] [c1, +00) [0, +00) [c1, +00) (—o0, +00)
cy <0 cp >0 c1 <0 c1 >0

[b1,bs], by < 0 [ca /b2, +00) | [0, +00) [ca /b1, +00) | (—o0, a1\ b1 | (—o0,0] (—oo,clA ba] | (—o0, +00)

[blvo] (07 +OO) [07 +OO) [CQ vb17+oo) (—OO,ClAbl] (—O0,0] (—O0,0) (—OO,—i—OO)

[b1,bs], b1 <0 < by || (—00,0) (—00,400) | (—o0,+00) (—00, +00) (—00,+00) | (—00,0) (—00, +00)
U(0, 4+00) U(0, 4+00)

[0, b] (—00,0) (—00,0] (—OO,CQAbQ] [c1 /b2, +00) | [0, +00) (0, +00) (—00, +00)

[b1,bs], by > 0 (—00, c2/\by] | (—00,0] (=00, ea/N\bo] | [e1 b, +00) | [0, +00) [e1 \/b1, +00) | (—o00, +00)

[0,0] 0 0 0 0 0 0 0

(—00,by], by <0 [ca /b2, +00) | [0, +00) (—00, +00) (—00, +00) (—00,0] (—oo,clAbg] (—00, +00)

(=00, 0] (0, +00) 0, +00) (—o0, +00) (—00, +0) (—00, 0] (—00,0) (—o0, +00)

(—00,by], by >0 (—00,0) (—00, +00) | (=00, +00) (—00, +00) (—00,+00) | (—00,0) (—o0, +00)
U(0, 4+-00) U(0, +-00)

[b1,4+00), by <0 (—00,0) (—00,4+00) | (—o0,+00) (—00, +00) (—00,+00) | (—00,0) (—00, +00)
U(0, +00) U(0, +00)

[0, +00) (—00,0) (—00,0] (—o0, +00) (—o0, +00) [0, +00) (0,400) 00, 400

[blv+oo)7 by >0 (_OoacQAbl] (_OO’O] (—OO,+OO) (—OO,—HX)) [Ov+oo) [cl vb1’+oo) (_ 7+OO)

(—00, +00) (—00,0) (—00, +00) | (—00, +00) (—00, +00) (—00, +00) | (—00,0 (—00, +00)
U(0, +00) U(0, +00)

Table 4: Reverse division /; with infinite interval C




/2 [c1, ¢4 [c1, 0] [c1, ¢4 [0, cs] [c1, ¢4 [0,0]
co <0 . <0<ec c >0
la1, as], az < 0 [as Vcl,alé ca] | lag 71, +00) | (—00,0) (—o0, as A\ ¢y) | s Vcl,agé ca] | 0
U(0, +00)
[ay, 0] (0, a1 A\ ¢s)] (—00,0) (—00,0) (—00,0) [a1 /¢, 0) (—00,0)
U(0, +00) U(0,+00) | U(0,+00) U(0, +o0)
a1, az], a1 <0 < ay || az /e, 0) (—00,0) (—00,0) (—00,0) [a1\/¢1,0) (—00,0)
U(0, a2 o] U(0, +00) U(0,+00) | U(0, 400) U(0, as A 1] U(0, +00)
[0, as] [az \/c2,0) (—00,0) (—00,0) (—00,0) (0, a2 A\ ¢1] (—00,0)
U(0, +00) U(0,+00) | U(0,+00) U(0, +o0)
[ay, as], a; > 0 [as VCQ,G]_A a1l | (=00, i) | (—o0,0) [a1 7/ ¢2, +00) | a1 ch,aQA c1] | 0
U(0, 4+00)
[0, 0] 0 (—0,0) (—00,0) (—o0,0) 0 (—o0,0
U(0, +00) U(0, +o0) | U(0, 4+00) U(0, +00)
(—00,as], as <0 [az /1, +00) [az \7¢1, +00) | (—00,0) (_OO,G/QACQ] (—OO,CLQACQ] 0
U(0, 4+00)
(=00, 0] (0,400) (—00,0) (—00,0) (—00,0) (—00,0) (—00,0)
U(0, 400) U(0,+00) | U(0, +00) U(0, 4+00)
(—00,as], az >0 [az 7 c2,0) (—00,0) (—00,0) (—00,0) (—00,0) (—00,0)
U(0, 400) U(0, 400) U(0,4+00) | U(0, +00) U(0, asA 1] U(0, +00)
lai,+00), a1 <0 (—00,0) (—00,0) (—00,0) (—00,0) [a1\/¢1,0) (—00,0)
U(0, ar A\ ¢) U(0, 400) U(0,400) | U(0, +00) U(0, 400) U(0, 4-00)
0, +00) (—00,0) (—00,0) (—00,0) (—00,0) (0,400) (—00,0)
U(0, +00) U(0, +oc0) | U(0, 400) U(0, +00)
a1, +00), a; > 0 (oo, amAe] | (oo, mAcl] | (00,00 | [a1 e, +00) | [a1 Tz, +00) | 0
U(0, 400)
(—00, +00) (—00,0) (—00,0) (—00,0) (—00,0) (—00,0) (—00,0)
U(0, +00) U(0, +00) U(0,+00) | U(0, +00) U(0, +00) U(0, +00)

Table 5: Reverse division /; with finite interval C




/5 (—o0, co (—00,0] | (—=00,¢o] | [c1,4+00) | [0,400) | [c1,+00) (—00, +00)
e <0 e >0 c <0 c >0
[a1, as], az < 0 0,01 AAc) | (0,400) | (=00,0) | (=00,0) | (=00,0) |as \7¢1,0) | (=00,0)
U(0, +00) | U(0, +0o0) U(0, +00)
[ay, 0] (O,alé@] (=00,0) | (=00,0) | (=00,0) | (=00,0) | [a1\/c1,0) | (—00,0)
U(0, +00) | U(0, +00) | U(0,+00) | U(0, 400) U(0, +o0)
a1, az], a1 <0 < ay || [a2\7¢c2,0) | (=00,0) | (=00,0) | (=00,0) | (=00,0) | [a1\/c1,0) | (—00,0)
U0, an A\ ¢5] | U(0, +00) | U0, +00) | U0, +00) | U(0, +00) | U0, ae A 1] | U0, 4+00)
[0, as] [a2\7¢c2,0) | (=00,0) | (=00,0) | (=00,0) [ (—00,0) (0,0 c1] | (—o0,0)
U(0, +00) | U0, 4+00) | U(0,400) | U(0,400) U(0, 400)
[a1,as], a; >0 [a2\/c2,0) | (=00,0) | (=00,0) | (=00,0) |(0,+00) (O,agécl] (—00,0)
U(0, +00) | U(0, +00) U(0, +o0)
[0, 0] 0 (—00,0) | (=00,0) | (=00,0) | (—00,0) |0 (—00,0)
U(0, +00) | U(0, +00) | U(0,+00) | U(0,400) U(0, +o0)
(—00,as], as <0 (0, 4+00) (0,+00) | (=00,0) | (—00,0) | (—00,0) | (—00,0) (—00,0)
U(0, +00) | U(0, +00) U(0, +o0)
(—00,0] (0, 4+00) (—00,0) | (=00,0) | (—00,0) | (=00,0) | (—00,0) (—00,0)
U(0, +00) | U(0, +00) | U(0,+00) | U(0, 400) U(0, +o0)
(—00,as], ag >0 [a2\/c2,0) | (=00,0) | (=00,0) | (=00,0) [ (=00,0) | (—00,0) (—00,0)
U(0,400) | U(0, +00) | U(0,400) | U(0, +00) | U(0,+00) | U0, aa A c1] | U(0, +00)
la1, +00), a; <0 (—00,0) (=00,0) | (=00,0) | (=00,0) | (=00,0) | [a1\/c1,0) | (—00,0)
U(0, a1\ ¢] | U(0, +00) | U(0, 400) | U(0, +00) | U(0,4+00) | U0, +00) | U(0, +00)
0, +00) (—00,0) (—00,0) | (—00,0) | (=00,0) | (—00,0) | (0,+00) (—00,0)
U(0, +00) | U(0, +00) | U(0,4+00) | U(0,400) U(0, +o0)
[a1, +00), a3 >0 (—00,0) (=00,0) | (=00,0) | (—=00,0) | (0,400) | (0,+00) (—00,0)
U(0, +00) | U(0, +00) U(0, +o0)
(—00, +00) (—00,0) (=00,0) | (=00,0) | (—=00,0) | (=00,0) | (—00,0) (—00,0)
U(0, +00) U(0, +00) | U(0,400) | U(0,400) | U(0,+00) | U(0, +00) U(0, +o0)

Table 6: Reverse division /, with infinite interval C
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